ON LINEAR AND NONLINEAR PERTURBATIONS OF
LINEAR SYSTEMS OF ORDINARY DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS

BY
PHILIP HARTMAN AND AUREL WINTNER

INTRODUCTION

Let J be a constant d by d matrix, let 9!, - - -, ¥4 be the components of a
column vector y, and let y' =dy/dt, where ¢ is a real variable. Consider the
system of linear differential equations

(1) y =Jy
(with constant coefficients) and the perturbed system
(2 y = +G®)y,

where G(¢) is’a continuous d by d matrix on 0 <¢< . It has been shown by
Perron (cf. [9; 10]) that if

3) G() >0 as t—

and if Ay, - - -, g are the eigenvalues of J, then (2) has d linearly independent
solutions y =y:(¢), - - -, ya(t) such that y=7y,(¢) satisfies, as t—w,

4 log | y()| = (u+ o(1))t,

where u =Re \;; for a sharper result, cf. [5]. It is known that if (3) is altered
to the condition that each element of t*~'G(?) is of class L(0, ») for a suitable
number %, depending on J, then (4) can be improved to an asymptotic
formula for each component of y(¢); cf., e.g., [S]. It is natural to ask for
theorems with assertions stronger than (4), but not as strong as an asymptotic
formula for the components of y(¢); for example, with an assertion of the type

(5) log| y(®) | = ut+ (I + o(1)) log ¢,

where [ is an integer, 0 </ <hx, and 74 is the maximum of the exponents % in
the elementary divisors (A —Ax)* for which Re Ay =p.

Part I will deal with such theorems for general linear systems (2), in which
there is no restriction on the constant matrix J. Part II is concerned with
O(1)-variants of results of this type for the case when J has only one ele-
mentary divisor (of multiplicity d). It will be clear that corresponding results
can be obtained for the case of an arbitrary J. A specialization (§6) of the
results to the case when (2) is equivalent to a scalar differential equation of
dth order,
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2@+ fi()x@D + -+ fa ()2 + fa®)x =0,

gives theorems related to results of A. Kneser (for the case d =2, f1(¢) =0 and
fa(2) is real-valued) and theorems related to a result of de la Vallée Poussin
(for the case d is arbitrary, fi, - - -, fq are real-valued and ¢ is restricted to a
bounded interval).

Part 111 deals with analogues of ti.e results of Parts I and II for the case
when the linear system (2) is replaced by a nonlinear system

(2 bis) y =Jy +F(,y),

in which F=(F!, - - -, F?) is a continuous vector defined for large ¢ and all y.
In the Appendix, there will be considered the conditions of Lonn [8] as-
suring that all solutions of the real, singular, differential equation

dy/dx = (= y + « + F¥(x, ))/(— « + F'(x, y)),

in a sufficiently small circle x2+4y%<e€?, are tangent to the y-axis or that all
solutions are spirals. Lonn’s sufficient condition for spirals is considerably
improved (and both of Lonn’s results are extended so as to apply noncon-
servative systems

2’ = — x4+ F(4, x, y), Yy = —9y+ x4+ F, x, y)

as well). The final results are deduced from criteria of Kneser assuring that
x""+f(t)x =0 is oscillatory or is nonoscillatory.

In what follows, the independent variable ¢ is real. The given functions
and the solutions of the differential equations involved, unless otherwise
specified, are complex-valued. It will be clear that analogues of the results
can be obtained when all functions are restricted to be real-valued.

PART I. THE GENERAL LINEAR CASE

1. o(1)-theorems. Theorem (ii) below dealing with solutions of (2) will
have the following corollary involving asymptotic relations of the form (§):

(i) Let J be a constant d by d matrix and let (N—N(1))2®, . . - (A=X(g))*®,
where h(1)+ - - - +k(g) =d, be the elementary divisors of J. Let G(t) be a con-
tinuous d by d matrix on 0 =t < o satisfying, as t— x,

(6) 1G(t) — 0,
where k=max (k(1), - - -, k(g)). Then (2) has d linearly independent solutions
y=y;u(t), where j=1, - - -, gand 1=0, 1, - - -, h(g) —1, such that y=2y;(t)

satisfies (5) with p=u(j).

If (6) holds with a number k> ks, where ks« 2A(j) for those j for which
Re A\(j) =, then th=1G(f) is of class L(0, =) and (**) in [5] provides an
asymptotic formula for the components of a solution y =y(¢) of (2) satisfying
4).

In order to obtain finer results, it will be supposed that J is in a Jordan
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normal form. This is no loss of generality since the elements of J, G(¢) and
the components of y(t) are allowed to be complex-valued. Suppose that (1)
can be written as

(75) yi =y,

(73 yi¥ = Nyt 4 31+, E=2,-0-, k(),
where A=\(j)=const.; j=1,---, g; B(1)+ - - +h(g)=d, ym=yi* if
m=h(1)+ - - - +h(Gj—1)+k for k=1, - - -, h(j). The equations (7;z), k>1,

are missing if (j) =1. Correspondingly, if the element gn,(f) of G(¢) is written
as gmy =gik a8 if

m=h)+ -+ hG—D+Ek y=h1) 4+ ha—1)+8

for k=1, - - -, h(j) and B=1, - - -, k(a) and the summation convention is
used for indices o, 3, then (2) can be written as

(8:) ¥y = Ny 4 it apyh,

(8x) Y = Ayt + T 1 g gy, E=2 .-, k().

It can be supposed that the g elementary divisors of J are numbered so
that

9 p(1) = - -+ = u(g), where u(j) = ReA(j).

Let the distinct numbers in the set (9) be denoted by pl<u2< - - -<uf. For
a given integer m, where 1 =m =<f, an integer j on the range 1 <j<g will be
denoted by p, g or 7 according as u(j) <u™, u(j) =u™ or u(j) >um:

(10) k(j) <, = or > u™ accordingas j = p,qorr.
Let ks be the maximum length of the “blocks” of J for which u(j) =u™,
(11) hy = max h(q).

With reference to a particular value gy of ¢ and an integer k=%, on the
range 1 <k =<k(q), define integers jo, b by

(12y) Jo = k(qo) — ko (so that 0 =< jo < h(go) — 1),
(125) b= I — jo (sothat 1 < ke < b = hy),
and let the integers b(¢q) be defined by

(12,) b(q) = ko or b according as ¢ = qo or g ¥ qo.

For n=0,1, - - -, jo, put

1/2
(13,) D, = {E Iyq b(q)+n|2} , where Z - E

(n) (n) r(@)Zb(q)+n
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(so that D? is the sum of |ywk+n|2 and of terms |y2>*|2 in which g=go
and k(q) Zb+n).
Using the notation (10)—(13), a refinement of (i) can be stated as follows:
(ii) Let G(t) be a continuous d by d matrix in 0 <t<  and, withreference
to a fixed p=p™ and a fixed q=qo, let every element gy o5 of G(t) satisfy, when
UV>U— o,

uv
(14) (1 + log V)—lf | gik g | teCapIme i+ e(@—e(D) (hi=h(@))dt — 0,
U
where €(jk) is k or 1 according as j=q or j#q and €(j) is 1 or O according as
j=qo or j#qo. Then the system (8) has D, h(p)+ D (h(g)—b(g)+1)
linearly independent solutions y=1y(t) satisfying, as t— o, the asymptotic rela-
tions

(151) - 1yik(f) = o(Do(1)) if j=pandj =7,
(152) pp@=kyak(g) = o(Do(1)) if &< d(q),
(153) D,(8) ~ t"Dy(t)/n! ifn=1--+,jo
(159 log Do(t) = ut + o(log ?).

A condition sufficient for (14) is
(16,) tG({) >0 as t— o

or, more generally,
uv
(16,) 1+ log V)‘lf 1| G(t) | dt -0 as UV > U— w,
v

where |G(t)| is the norm of G(¢) (that is, max IG(t)y| for |y| =1). The
asymptotic formulae (15) imply, as t— o,

1/2
2

(17,) | y| = (1 4+ 0(1/%) { 2 Iy“"“’l}

in fact,
1/2

1/2
(172){ IRE% h(Q)—nP} =0(1/f) { > | yo @t |2} ym=1, e by — 1,
q q

where the sum on the left [right] is over the set of ¢ for which h(g)=n

1/2
(17) yi = o() { > Iyq"wlz} if j g,
q

(17, log | y| = ut+ (jo+ o(1)) log t.
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This fact, theorem (*) in [5, pp. 51-52], and the superposition principle lead
to the following:

(i bis) If condition (16,) or (162) is satisfied then any solution y =1y(t) of (8),
for which (4) holds, satisfies (17,)—(173) and the relation (17,), for some integer
Jo, 0 = jo S he—1.

2. Proof of (ii). It can be supposed that

(18) Ag) = 0.
for otherwise the change of dependent variables
3—)\(41) ‘qu — qu’ e“‘#‘yik —_ yik (j ;é q)

transforms (8) into a system of the same type in which g s is replaced by
€%g;k a5, Where 0 =01 .5 is a real constant.
Consider the change of independent variables {—s defined by

19) s=logt (ds = dt/1),
and the change of dependent variables
(20) y=0z
given by
k

(21) yok = 3@ 37 gen/(k — m)!,

n=1
(22) yik = (l=byik ifj #gq

where b, b(q) are defined by (12). Then (8) is transformed into the system
(231) 39k = (b(q) — EB)z%* + hgx apz®,
and, if j%gq,
M= (N — 1= D0)zt + hj1 apz*,
(232) .. ) .
27k = (W — 1 — b)z7% + 127 ¥ 1 4 hjj 0p2%P,
where H = (h;x ap) is given by
(24) H(s) = 107'GQ (t =),

and z=dz/ds=tz'; cf. [5, pp. 64-66].
The assumption (14) implies that

U+v
(25) (1+V)—1f | hikag| ds—0 when U+V>U— w;
U

cf. [5, pp. 67-68]. Note that the coefficient of z% in the principal term of
(23,) is 0 if and only if £#=b(g), and that the real part of the coefficient of
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2/% in (23,) is essentially const. £, where const. 20 according as j=r or j=p;
cf. (10) and (18).

Thus (III) in [5, p. 61], implies that the system (23;) — (23;) has a unique
solution z=2(s) satisfying, for a sufficiently large S, a set of (partial) initial
conditions

2°(S) =z, j=p and j=gqk 2 b(g),

where zI' are arbitrary constants subject to

S a4+ T lal<ex|af
P k

g k>b(q) (0)

for a sufficiently small € >0, and satisfying, as s— «, the asympotic relations

(26y) log D(s) = o(s), where D = {E |z‘1 b(a) |2} ”2,
©
(262) zi% = o(D(s)) if (jk) # (g b(g)).
By virtue of (21) and (26), it follows that, ast=e*—
(271) Do(t) ~ D(s),
(272) pro—kytk = o(D(s)) if k < b(g),
(275) Dy(t) ~ tD(s)/n!
and, by virtue of (22), that
(27y) 11lyik = o(D(s)) if j=p and j =1,

In view of (19), (26), and (27), the assertion (ii) follows.

ParT II. ONE ELEMENTARY DIVISOR
3. A lemma. The proof of (ii) above (or rather the proof of the theorem
(III) in [S] on which (ii) depends) suggests that (ii) has O(1)-variants.
These variants will be examined in Part II in detail when J has only one ele-
mentary divisor (of multiplicity d) and so, without loss of generality, it can
be assumed that the eigenvalues are 0. In this case, (1) has the form

(28) P =0, y¥ =y, - oo, g8 = yi-1,

The O(1)-analogue of (III) [5, p. 61], which will be needed below, will first
be deduced.

Let K=K(s) be the diagonal (not necessarily constant) matrix of coeffi-
cients of the system
(29) g1 = A(s)z!, - -+, 2% = N¥(s)29,

which will be written as
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(30) z = K(5)z, % = dz/ds
and let
(31) pi(s) £ - -+ = pi(s), where pi = Reli

Let ji, jo denote a pair of integers satisfying 1<j1<j:<d. An integer
j=1, - - -, d will be denoted by p, ¢ or r according as j<ji, 1<j<je or
72 <j:

(32) j=2p, qorr accordingas j<j,j1=j=<j2orj2<ji;

so that the set of integers p and/or r can be empty, but the set of integers ¢
is not. Let

(33) u=minu? and » = max u9,
a ]

so that p=p? if j=j1 and v=u7 if j=j,, and let there exist a constant ¢>0
such that

(34) wWSp—cif j=p and p'Z v+ cif j =r for large s.
Finally, let
(35) M= |z, L=X|u2 N=X |z

P q T

so that

(36) |z]*=M+ L+ N.
For a given number 6 on the range

37 0<o<1,

let 6 =20(0) denote the number
(38) 6=1/2—(1—16)'%/2; so that 0 < & < 1/2 and 25(1 — ) = 6/2.

Let » be a number on the range

(38,) 0<9<1/2—35
and let
(383) e=20+1), sothat 0 <e< 1.

LEMMA 1. Let K = K(s) be a continuous (diagonal) d by d matrix on 0<s <
and let (30) reduce to (29). Let there exist integers ji, jo, where 1 <51 <js<d, and
a constant ¢ >0 such that (32)—(34) hold. Let H=H(s) be a continuous d by d
matrixon 0 s < o witha norm |H (s)l satisfying, for some 0 on the range (37),

39 | H(s) | = 0c/2 for large s
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or, more generally, for some n satisfying (38,), let

U+v
(39 bis) f | H(s)| ds < 8cV/2 +n forlarge Uand U + V > U.

U
Finally, let 2§, where q=ji, - - -, j2, be a set of jo—ji+1 numbers, not all 0.
Then, if S is sufficiently large, the system

(40) g = (K(s) + H(s))z

has a solution z=2z(s) satisfying the (partial) set of initial conditions

(41) 2°(S) = 0; (42) 5°(S) = 2

and the asymptotic formulae, as s— o,

(43) lim sup (M(s) + N(s5))/L(s) = ¢/(1 — ¢),

where € is given by (38), and

(44, lim inf s~ log LY2(s) = u — 6c/2(1 — €)1/,

(44,) lim sup s~! log LY%(s) < v + 6¢/2(1 — €)'/2

The number € in (43) and (44) can be replaced by €/2 if ji=1 or ja=d (that s,
if the set of integers p or r is vacuous).

It will be clear from the proof that (41) can be replaced by 2?(S) =23,
where 23 are arbitrary numbers such that Y, [23]2/ >, |z$! 2 is sufficiently
small.

The lemma is a variant of a theorem of Perron ([9, pp. 141-142]; cf. [5]).
It is clear from Perron’s result [9] (or from [5]) that Lemma 1 has an
analogue for the case when K(s) is not diagonal but is, for example, a tri-
angular matrix. Lemma 1 will be applied to obtain O(1)-variants of (i) in
the case (28) of (1). It can be used to obtain O(1)-variants of (1) in the
general case (7) of (1), by first using the change of variables (19) and (21)-
(22) in (2) and then employing a device of Perron which, in this case, is
another change of dependent variables z—w, defined by z% =w® 2% =gkwi*
if j>%q and a>0 is a sufficiently small number. The avoidance of the use of
successive approximations in the proof of the lemma makes possible the
extension of the proof to nonlinear systems (cf. Part III below), without the
assumption of Lipschitz conditions as in [9].

It is clear from [11] that Lemma 1 also has an analogue if the constant
¢>0 in conditions (34) and (39) is replaced by a continuous function ¢ =¢(s)
>0 satisfying [“c(s)ds= . But this generalization can be deduced from
Lemma 1 by the change of independent variables s—¢ defined by dt =c(s)ds.

ReMARK 1. The solution z=2z(s) of (40) satisfying (43)—(44) can be chosen
to be independent of 8, in the sense that if (39 bis) holds for arbitrarily small
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6>0 (so that e>0 be chosen arbitrarily small), then (43)-(44) hold with
6=¢=0; cf. (I1I), [5, p. 61].

ReMARK 2. It will follow from the proof that the assertion (43) remains
valid if (39 bis) is relaxed to

U+v
(45%) f max gr(s)ds < 6cV/2 + nforV > Oandlarge U, k = 1, 2,
v
where gx(s) =gi(s, 2) are defined by

d d
46) g0 = 2Re {L+N) T S has'si = T 3 hasts}

j=p k=1 j=gq,r k=1
d d

(465)  ga(s) = 2Re {N > Dhastzi— (L+ M) DY h,kzsz} ,
i=p,q k=1 j==r k=l

and where the max in (45:) refers to the maximum with respect to z on the
respective sets in the z-space:
(47y) |z2) =1 and 1—¢2<L+N=<1-35,
(47,) |z] =1 and §= N = ¢/2
(In particular, the inequalities (45;), where the max refers to [zl =1, are
sufficient for the assertion (43).)

It may be remarked that if |z| =1, then | gi(s)| <|H(s)| even if the Re

is omitted in (46;). For, by Schwarz’s inequality, the absolute value of the
expression 2{ - - - } in (46,) is majorized by

d 1/2 d
2(L + N)( P DI FTL 2) Mz 4 ZM( PIR DI PrL
jmp | k=1 k=1

i=q,r
Another application of Schwarz’s inequality shows that this quantity is, in
turn, majorized by

1/2
Z) (L + N)L2,

d
2 hast

k=1

d
2(L + N)vrpmr2 3
el
Since 2(L+N)1: M2 s M+L+N= Iz 2, the last expression does not exceed
|2| 2| Hz| v2| 2|. Hence | gi(s)| <|H(s)| if |2| =1.
Similarly, it can be shown that |g(s)| <| H(s)| if |2| =1.
REMARK 3. It will also be clear from the proof that the assertion (43) and
the assumption

14 d 1/2
(48) lim sup V—lf {Z > h,-k|2} ds < 0c/2
Vo

j=q k=1

1/2
Z} (M + L+ N

or
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4 d 1/2
(48 bis) limsup V-! | max Re { IO hqkz"z‘l} ds < 6¢c/2

Voo |2} =1 g kel

assure (44).
4. Proof of Lemma 1. This will only be indicated. Since

(lsf]2) = (@i)2 + 2i(ai) = 2 Re 273,
it follows from (31), (32), and (40) that

d
(49, L = 2uL + 2Re X Y hastss,
q k=l
. d
(495) L <L+ 2Re D, D hazta
q k=1
and
d
(50y) M < 2(u— )M+ 2Re X Y hyeztz?,
p k=1
d
(50) NZ20+c)N+2Re D D hasta
r k=l

Corresponding to a solution z=23(s) 0 of (40), the function

(51) v=19(s)=(L+ N)/M+L+N)
satisfies
(52) 0sv=1,

is identically 1 when there are no integers p, and otherwise satisfies the Ric-
cati differential inequality

#2201 —v) —2Re{ --- }(M + L+ N2,
where { - - - } is the expression in (46,). This last fact follows from
p={(L+ N'M — (L+ N)M)}/(M + L+ N)* and
(L+ N)M/(M+ L+ N)?=191—09).

The definition of gi(s) =gi(s, z) in (46) shows that the differential inequality
in the last formula line can be written as

(53) b = 2c0(1 — v) — gi(s).
Similarly, the function
(54) w=w(s)=N/M+L+N)

satisfies
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(55) 0sw=1,

is identically 0 when there are no integers », and otherwise satisfies the Ric-
cati differential inequality

(56) W = 2cw(l — w) — gofs).
In view of the remarks following (47), the assumption (39 bis) implies that
U+v
(57%) fv gi(s, 2(s))ds < 0cV/2 + 9,
if U is sufficiently large, U4 V> U and, according as k=1 or k=2,
(58) (BS)l—¢2Sv<1—-5 or (58) OS=<wse21—30)

holds on Uss< U+ V. Since (1—8)—(1—¢/2) =1 and ¢/2—8 =1 and since
(38,) and (58,), (58;) imply that 2cv(1 —v) =0c¢/2, 2cw(1 —w) =60c/2, it follows
that if

(591) ‘D(So) =1-—-34 or (592) W(So) = 6/2
for some sufficiently large s =s,, then
(60,) o(s) =1 —¢/2 or (60,) w(s) =6

for s = s0; cf. the proof of the lemma [6, §3].

An adaptation of the proof of (*) in [5] (in which the assertions involving
(59)-(60) play the role of Lemma 2 bis [5, p. 54]) shows that (40) has a solu-
tion 2 =2(s) satisfying (41)—(42), for a sufficiently large S, and that

(61) o(s) =1 — ¢/2, w(s) < ¢/2 (S =s< =)

In view of (51) and (54), this implies that (L+N)=(1—¢/2)(L+N+ M)
and N=(¢/2)(L+N+M); so that L=(1—¢)(L+ N+ M), that is,

(62) N+ M=eL/(1—¢ (S =s5s< ).

This proves (43). Note that if N=0 or M =0, then e can be replaced by ¢/2
in (62), hence in (43).
By (49:) and Schwarz’s inequality,

Lz2L—2|H| |z L
Since, by (62), |z| =(L+N+M)1z <LV2/(1—¢)'2,
Lz @u-2[H|/U =L,

the relation (44,) follows from (39 bis). The relation (44;) can be obtained
similarly.

5. The system (2), when (1) is (28). Before applying Lemma 1 to the
situation at hand, it can be noted that (ii) implies the following:
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(I) Let (1) be the system (28). Let G=G(t) be a continuous d by d matrix
on 0 £t < wsatisfying

(63) 19G(H) >0 as t— o

or, more generally,

vy
(63 bis) (1 + log V)—lf t4-1|G(t) | dt—0 when UV > U— .
U

Then, for m=1, - - -, d, the system (2) has a solution y=1y(t) the components of
which satisfy, as t— o,

(64,) log | y"'(t)l = o(log ¢),

(642) yilt) = ot=m| 3@ [) it j<m,

(643) yi()) ~tmmy(0)/(G — m)!if § > m.

In order to obtain an O(1)-variant and refinement of this result, by the
use of Lemma 1, introduce the following notations: Let Q=Q(¢) denote the
triangular matrix of the affine transformation

(65) y = Qz, where y7 = (i1 ZJ: z%/(§ — k)!
k=1

and let

(66) H = 10-'GO.

In terms of the matrix H=(k;x), an integer m (1=<m=d), and a number
8(0<f<1), put

m—1 d d d m—1 d
(671) gi(f) =max2Re { IS DIDIN LD M EL D IDY hikzsz} ,

n=1 j=m k=1 n=m =1 k=1

m d d
g2(t) = max 2Re {Z Iz" |2 3 hastzi

ne=1 j=m+1 k=1l
(672) . .
- |zn12>:2h,-kzkz:~},

n=m+1 i=1 k=1

where the max refers to a maximum with respect to z on the respective do-
mains

d
(681) 2] =1 and 1—¢2=< 3 |27]2<1 -5,

Juam

d
2 | #P = e2,

Jrmm+-1

(685) |z] =1 ands

IIA
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and ¢, 0 are defined, in terms of 6, by (38).
(I*) Let (1) be given by (28). Let m be an integer on the range 1 Sm <d.
Let 6> 0 be such that the number 6 =05(0) in (38,) satisfies
-1
(69) 0<25(6) < (14 am) , where a;= 3 (1/n)2
n=1
Let G=G(t) be a continuous d by d matrix with the property that the functions
gx(t), defined by (66)—(68) for the given m and 0, satisfy

(70) gx(t) < 6/2 for large ¢ (k=12

or, more generally, let there exist an n>0 with the properties that (382) holds and
that (38s) satisfies

(71y) 0<e< (14 a,z..)_l

and
uv

(71y) gi(t)dt < 6log V/2 +  for large U and UV > U.
v

Then (1) has a solution y=1y(t) satisfying, as t— o,

(722) lim sup 7= | yi/ym| < & @z, i<m,
(72;)  lim sup l (G —m)ylgm—iyi/ym — 1| = Faim(G —m)! + am)y, 1>m,
where

(73) & = /(1 — V2 — %),

If, in addition, it is assumed that, as V— o,

(74) lim sup (log V)~! f Vt‘1| H(t)| dt < ¢/2, 0=<c¢=1,
then
(75) lim sup |log| y™() | /log ¢| < c/2(1 €2

ReMARK. The inequality (71,) is equivalent to

(76) 0 < eam/(1 — ¢ < 1.

If m=1, then a.n =0 and (69) is equivalent to 0 <6 <1. In the case m=d>1,
conditions (69), (71,) can be replaced by

(69bis) 0<8(0) <1 +ad)—1, (T;bis) 0<e/2<(1+ad),

respectively. In both of these cases (m=1, m=d>1), e can be replaced by
€/2 in (73) and (75). This will be clear from the proof and the last part of
Lemma 1.



14 PHILIP HARTMAN AND AUREL WINTNER [January

In view of the remarks following (47), the functions g.(¢) satisfy l 2@®)|
<H(t)|. It is readily verified from (65) that

1 1
1/1! 1
ow=| :/ L ’
T (1@ = )1 1/ = 2)! -1

where the first matrix on the right is diagonal and the second is ¢’ (cf. [5,
pp. 65-66]); so that, if G=(g;1),

@) hix = 13 3 (= )imtmmgan/(j — m)l(n — B)L

Ml Nk
Since n—m <d—1, it follows that, as t— o,
(78) | B | = 04|60 |).

This makes it clear that if (63 bis) is satisfied, then (71,) holds for arbitrarily
small §>0. Hence (I) is contained in (I*); cf. Remark 1 following the state-
ment of Lemma 1.

In order to prove (I*), make the variation of constants (65) in (2) and
the change of independent variables t—s=Ilog ¢. Then, since (1) is given by
(28), the system (2) becomes

(79) 2 = (K + H)z, where %= dz/ds and ds = di/t,
H is given by (66) (cf. (77)) and K is the diagonal matrix with the diagonal
elements AN'=0, N2=—1, - . -, NM¥=1—d. (Note that the inequalities cor-

responding to (31) are reversed, which explains an apparent discrepancy in
-(67) and (46).)
In order to apply Lemma 1, choose ji=js=m; so that u=»=1—m,
M= |z, L=|zm5, N=2X |zt]

k<m k>m
and ¢ can be chosen to be 1. Since ds=dt/t (and s=log t), it follows from
Lemma 1 and the remarks concerning (46), that (71) implies for (79) the
existence of a solution z=2(s) with components satisfying

(80) > |22 S €] ™ |2/ (1 — ¢) for large ¢
ixm
(or large s=log t) (cf. (43)) and that (80) and (74) imply that
(81) lim sup | log| z™(¢) |/log ¢ — (1 — m) | < ¢/2(1 — V2
21—

By (65), the definition of a; in (69), and Schwarz’s inequality, the solu-
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tion y=y(t) of (1) corresponding to z=2(s) satisfies

7 1/2
e ) e
Joma1

Hence, by (80),

(82y) | =iyi| < elajq|zm| /(1 — V2 if § < m.
Similarly,

(82,) |-e=mym — zm| < l2an|zm|/(1 — €12
and

(82) | -iyi —gm/(G — m)!| < Pajyq| ™| /(1 — VEifj>m.
The inequalities (76) and (82;) imply that
(820) | zml < tl—ml yml e* (1 — €)1/2/ell2,

by virtue of (73). The relations (72) follow from (82;), (82;), and (82,).
Finally, (75) follows from (81) and (82:). This proves (I*).

6. An equation of dth order. Consider a linear differential equation of
dth order,

(83) 2@ 4 f1{H)x@ D 4 -+ fa (D2 + fa())x = 0, d>1,

for a scalar function x, where f;(t) is continuous for 0S¢ < » andj=1, - - - , d.
On defining y=(y', - - -, ) by

(84) yd = z, yil= g ..., yt = x@-D,

the equation (83) becomes a system (2) for y=(y!, - - -, »% in which (1) is
(28) and G(¢) is the matrix in which the first row is
(_flr —fz, Tty _fd)

and in which the other elements are 0. Correspondingly, the first row of the
matrix H(¢) in (66) is

d d
= TG = D= S LG = 20— 1)
el =2

and the jth row is (—1)#*! times the first row; cf. (77). Hence (67) becomes

m—1 d d m—1
(851) g1(5) = max 2 Re g(¢; ) { Z Iz"l2 Z (—1)izgi — E | z"l’ Z (—1)"2"} ,

n=1 j=m n=m J=1
m d d m
(852) go(t) =max2Reg(t;3) {Z | z" |2 > (—1)iz — E | i |2 > (—-1)"2"} s
N1 Jmm4-1 naind1 =1

where
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d d
(853) gt 2) = 20 2 fat"s*/(n — k)!

k=1 n=k

and the max in (85;), (85:) refers to the maximum with respect to z=(z!, -
2%) on the respective sets (68;), (682).

Thus, (I) has the following corollary:

(I1) In (83),letfi(t), - - -, fa(t) be continuous functions on 0=t < o satisfying

(86) [tfi] + -+ | t¥fa] 20 as t— o

or, more generally,

uv
<1+logV>"fU (Al + [thr+ -+ [ 15| )dt—0

(86 bis)

when UV > U — .
Then, for m=0, 1, - - -, d—1, the differential equation (83) has a solution
x=x(t) the derivatives of which satisfy
(87,) log l x(m(f) | = o(log 1),
(872) a@D(t) = o(tmi| x™(@)|)if j=m+1, ---,4d,
(873) x(f) ~ tmmig(m)(f) ifj=0,1,---,m—1.

It is understood that (87) implies that x(™(¢) and, therefore, x>V, . . .
x’, x do not vanish for large ¢. A similar remark applies to (88) below.

(I*) implies the following O(1)-variant of (II):

(IT*) Let fi(2), - - -, fa(t) be continuous for 0=t < . Let m be an integer
satisfying 0 Em=<d—1 and let § be a number satisfying (69) when m is replaced
by d—m. Let the functions (85), in which m is replaced by d —m, satisfy (71).
Then (83) has a solution x =x(t) the derivatives of which satisfy, as t— o,

(88,) lim sup t"""| x(f)/x("‘)l =< e ag-j, d>ji>m
(88:) limsup | (m — j)Uimx@/x™ — 1| < ¥(ag_jmalm — ! + ¢a—m),
0=j<m,

where €* is defined by (73) in which m is replaced by d—m. In addition, if, as

V—w,

d

v
(89) lim sup (log V)“f { E

i=1

d

1/2
fat1/(n — j)!r} #4502, 0Scs,

n=j
then, as t — o,
(90) lim sup |log| (™ | /log t| < ¢/2(1 — €)'/2.

Cf. the remark following the statement of (I*) which becomes applicable
to the cases m =0, d—1>0 of (II*).
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When d =2, then g() =0 or g(¢)=0 in (85) according as m=1 or m=2.
If (83) is of the form

(91) 2+ fHx=0

(so that fi(t) =0 and f»(¢) =f(¢)), then, according as m =1 or m =2, the func-
tion gy(2) or g1(¢) is a maximum of the function 2 Re t%(¢) (2! +32)2z122, over a
suitable domain in the (2!, 2z?)-space. Note that I (z‘+z’)2z‘zzl =< (I z‘l 2
+|z’| 2)2, When m =1 (and so, d —m =1), the condition (69) is merely to the
effect that 0<0<1; when m=0 (so that d—m =2), the condition (69 bis)
is also equivalent to 0 <8 <1. Thus the conditions of (I1*) for the case (91)
of (83), with d=2 and m =0 or m=1, are satisfied if 4t2[f(t)| <60<1. This
makes it clear that (II*) can be considered as a generalization of a theorem
of A. Kneser which asserts that if f(¢) is real-valued and satisfies 4£2f(f) <1
for large ¢, then (91) is nonoscillatory; cf. the Appendix.

Assertion (I1*) implies more than the mere fact that (91) is nonoscillatory
when 4t2| f(t)l =60<1 for large ¢. Under this condition, (91) has a pair of
linearly independent solutions which vanish for large ¢ and satisfy, as t—,

lim sup Itx’/x— 1| <4(6) and lim sup Itx'/xl = ~(0),

respectively, where v(8) is a constant (which satisfies ¥(6)—0 as §—0); cf.
(88). When f(¢) is real-valued and 4t2| f(t)l =0<1, it can be shown that vy(0)
can be chosen to be the number §(6)(<1) in (38); cf. [1, p. 570] and [3,
p. 722].

For arbitrary d, the conditions (69)—(70) of (II*) are satisfied for every
m=1,2, - .., dif (38,) satisfies (69) for m =d (that is, if

(92) {1— (@1 -0y {1 + (:é(l/n!P)} <1

holds) and if

(93) {e >

=1

d

> fatr/(n — j)!r}m < 6/2 for large ¢.

Nenj

In fact, the expression on the left of the last inequality is
d d 1/2
(S mald
=1 k==l
which is a majorant for the norm lH (t)| of the corresponding matrix (66);
cf. the remarks following (84). In particular, (92) and (93) assure that no solu-
tion x =x(¢) #0 of (83) has infinitely many zeros on 0 <¢< .
It can be remarked that there seems to be some connection between the

criterion (93) and a theorem of de la Vallée Poussin dealing with an equation
(83) on a finite interval; [12], cf. [7].

Rix
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PARrT 111. THE NONLINEAR CASE

7. o(1)-theorems. The consideration of this part will deal with the transfer
of the results of Parts I and II from the linear system (2) to the nonlinear
system

(94) y =Jy+F( ),

in which F(¢, y) is a continuous d-dimensional vector function of (¢, )
=(¢, 91, - - -, ¥ for large ¢t and small lyl An analogue of the theorems (i)
and (ii) on linear systems is the following theorem (in which the notation of
(7), (9)—(13) is employed).

(*) Let the principal part y'=Jy of (94) be the system (7). Let p=p™ (in
(10)—(13)) be megative. Let F(t, y) be a continuous vector defined for large t and
small | y| . For some fixed 60>0, let there exist a function f(t) =fo(t) satisfying,
for large t,

(95) |Ftt )| = 10|yl
on the y-set
(96) eritt < | yl < entth1H0

and, as t—
97 thef(t) —> 0

or, more generally,
uv
(97 bis) (1 + log V)“lf th1f()dt—-0 when UV > U — .
U

Then, if T is sufficiently large there exists an { Z,, r(p)+ Do (B(g))—b(g)
+1) }-dimensional set Q=Qr in the y-space such that if yo is a point of Q, then
(94) has at least one solution y=1y(t) on T <t < « satisfying the initial condition
y(T) =yo and the asymptotic relations (151)—(15,) as t— .

A partial converse of (*) is given by:

(*bis) Let J, u, F(t, y) satisfy the conditions of (*), with the strengthened re-
quirement that the inequality (95) holds on the (t, y)-set

(96 bis) et < | yl < et

(which contains (96)). Let y =y(t) be a solution of (94) satisfying (96 bis) for large
t (for example, satisfying (4) as t—»). Then (17:)—(17;) and the relation (17,),
for some integer jo (0=jo<hx—1), hold.
]As to the existence of solutions y =y(¢) of (94) satisfying (4), see Part I in
[6].
Note that in the conservative case, where F(¢, y) = F(y), the conditions
(95)—(96 bis), (97) are satisfied if
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(98) (—log |y )| F(»)|/|y] >0 as y—>0

(since —log I yl = Const. t as t—, when (96 bis) holds).
Consider the change (19) of independent variables and change of depend-
ent variables y—z given by

k

(99,) yek = @M@ tgk=ba) > zen/(k — m)!,
n=1 .

(992) yik = ertgl=bgik if 5 £ q.

Note that (99) is the variation of constants used in the proof of (ii); it com-
bines the change of variables which accomplishes the reduction (18) and the
change (20)-(22). Let (99) be denoted by y=Qz. Then (94) becomes

(100) i = K(s)z + Q7'F(¢, Q2), L=c¢,

where the principal part, K(s)z, is the same as in the system (23).

After this change of variables, assertion (*) above can be deduced from
(*bis) and the Remark in §10, [6], as (ii) above was deduced from (III),
[5, p. 61]. This deduction involves a detour, however, along the lines followed
at the beginning of §19, [6]. Note that if 2=23(s) is a solution of (100) satisfy-
ing
(101y) s = |p| =
(101,) |2it| <eD if () = (gb(g))

on some s-interval, where D =D(s) is defined in (26,), then the corresponding
solution y =y(¢) satisfies inequalities of the type (96) if e=¢e(6) >0.

Write (94) as a linear system (2), in which the matrix G(¢) =G(¢, y) de-
pends on y and is defined by

(102) G = (g) = (Filt, 5%/ | 5|9, y %0,

where F!, - - ., F9 are the components of F. Thus, if 2=2(s) is a solution
of (100) on some s-interval satisfying (101) and y=1y(¢) is the corresponding
solution of (94), then (95)—(96) imply I gix(t, ¥(t))| Sf(t). The change of
variables (19) and y = Qz, given by (99), transforms (94) into (100) which can
be written as a linear system, say (40), in which the matrix H=H(s, 2) is
given by (24) and (102). Correspondingly, it follows that |I-I(s, z)I = Const.
thf(t) when t=e* and z satisfies (101).

A comparison of (40) and (100) shows that |Hz| =tl Q-1F(¢, Qz)] . Hence,
the perturbation in (100) satisfies

(103) t| Q'F(t, Qz) | < Const. thf(f)| 2| when (101) holds.

It follows from the deduction of (*), just sketched, that solutions z=2(s)
of (100) leading to solutions y=y(¢) of (94) satisfying (15) can result by an
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assignment of the initial values z7*(S), 1 £k < h(p), and 29%(S), b(q) =k =h(g),
for sufficiently large S, where the (2., #(p)+ X0 ((g) —b(g)+1)) numbers
z7%(S), 2%(S) are subject to certain inequalities, but are otherwise arbitrary.

(*bis) above is a consequence of assertion (i bis) in §1, since (94) can be
written as a linear system (2) in which G(t) =G(¢, y) is given by (102).

8. O(1)-variants. It is possible to obtain an analogue of (I*) for the non-
linear system (94) when the principal part (1) of (94) reduces to (28). To
this end, the analogue of Lemma 1 will be indicated for the case where (40)
is replaced by a nonlinear system

(104) 2 = K(s)z + B(s, 2).

LEMMA 2. Let K =K(s) be a continuous (diagonal) d by d matrix on 0 Ss < »
satisfying the conditions of Lemma 1. Let p and v, defined in (33), be constants.
Let B(s, 2) be a continuous vector function of (s, 2) for large s and z satisfying

exp (u — 0c/2(1 — §%)s < | z| = exp (v + 6c/2(1 — ¢)1/?)s,

(105)

(M + N) S eL/(1 — ¢,
and let
(106) | B(s,%)| = 6c|z|/2

hold. Let 3, where j=p or j=gq, be numbers satisfying
(107y) Slal=seX |al,
b4 q

exp (2u — 0c/(1 — 9")s < X | =
q

< (1 —¢exp(2v+0c/(1 — €)?)S.

Then, if S>0 is sufficiently large and £>0 is sufficiently small, there exists at
least one solution z=2(s) of (104) on S<s< o satisfying the (partial) set of
initial conditions (41)—(42) and the asymptotic formulae (43), (44) as s—x.

(107y)

The proof of Lemma 2 will be omitted. It involves a careful rewriting of
the proof of (*), [6, §2-8]. This procedure shows that condition (106) can be
replaced by the inequalities

(1085) gi(s) < 6c/2, E=1,23,

where

(109,)  gi(s) = max 2Re {(L + N) Y Brz» — M ), Bizf} /|24,

i=q.r

(109:)  ga(s) = max 2 Re {N > Bizi — (L + M) ZBrzr} aris

i=p.q
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(109;) gs(s) = max 2 Re { > B«z«} /|23

where Bi=Bi(s, 2) is the jth component of B=B(s, z), the max in (109;)
refers to the maximum with respect to z on the set (105) and, in (109,),
(109;), to the common part of the set (105) and the respective sets

(110y) 1—¢/2=(L+N)/M+L+N)=1-35
(110) 8= N/(M+L+N)=¢/2

If the principal part (1) of (94) reduces to (28), the change of variables
t—s=log t and (65) transform (94) into (104), where

(111) B(s, ) = Q- ()F(t, Qz), t=e,
and K =K(s) is the constant diagonal matrix with diagonal elements \!=0,
AM=—1,..., M=1—d. Hence, K satisfies the conditions of Lemma 1 if

hi=js=m, p=v=1—m and c=1. Thus, if (111) satisfies the corresponding
conditions of Lemma 2, an analogue of (I*) results.
APPENDIX. ON A THEOREM OF LONN

Consider the real, binary case of (94) and suppose that J has a double
elementary divisor, say, that (94) is of the type
(112) % = _x+Fl(tv X, y)’ y,= _'y+x+F2(t) x, 3’)»
where x, y are real scalars and F=(F!, F?) is a continuous binary vector satis-
fying
(113) |F| /(2 + 32 >0 as (1, 9) > (=,0,0).
Let (x, y) =(x(#), ¥(¢)) #0 be a solution of (112) which is defined for large ¢

and satisfies (x(t), ¥(£))—(0, 0) as t— . Then, as pointed out in [4, p. 501],
(x(2), y(8)) has the properties that, as t— o,

(114) 2-1log (22 + 3% ~ — ¢
and that either
(115) %(f)/y(f) > 0 or arc tan x(f)/y(t) —> — .

In (115), it is understood that arc tan x(f)/y(f) is chosen as a continuous
function. In the general case (or even in the conservative cases) of (112), the
alternative in (115) can depend on the particular solution (x(f), y(®) [2,
p. 123], but is independent of the choice of the solution in the linear cases of
(112) [4, p. 499]. It is clear that if

(116) ¥(#) # 0 for large ¢,

then the first alternative in (115) must hold for the given solution.
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In view of Kneser's theorem mentioned after (91), it is natural to ask
whether, when x, y, F!, F? are real, there is a unilateral inequality (involving
F', F?) which assures that (116) (hence, the first alternative in (115)) holds
for every solution of (112) satisfying (114). In this direction, the following
will be proved:

(1) Let F*, F? be real-valued continuous functions defined for large t and real
small x and y. In addition to (113), assume that

(117) 42(2F? — yFY) /(2 + %) S 0 < 1
holds for large t on a (¢, x, y)-set
(118) | xI < EI yl, e~ +Bt < I y| < b (¢ = const. > 0).

Then every nontrivial (#£0) solution (x, y) = (x(t), ¥(¢)) of (112), defined for
large t and tending to (0, 0), as t— o, satisfies (114) and the first alternative in
(115).

In the conservative case, (117)—(118) can be replaced by the requirement
that

(119) (xF? — yFY) log? (22 + y?) /(a2 + ) =60 < 1
on an (x, y)-set
(120) | xl < E| yl, 2+ 92 < £ (¢ = const. > 0),

since (118) implies that the ratio 4¢2/log? (x2+7v?) is between (1 —£)~%24-0(1)
and (1+§)7% as t— .

If (112) is conservative and (117)—(118) is replaced by (119)—(120), then
(1) reduces to a theorem of Lonn [8, p. 234]. Lonn also showed (loc. cit.,
p. 235) that if (119) is replaced by

(«F — yF?) log? («* + ¥%)/(2* + ) 2 C > 4,

then every solution tending to the origin satisfies the second alternative in
(115). This statement of Lonn will be improved by relaxing the condition
C>4 to C>1 (and will be made applicable to non-conservative cases). '

(1) Let the assumptions of (1) hold except that (117)—(118) is replaced by
the requirement that

(121) 42(xF? — yF) /(22 + y) 2 C > 1

holds in (118). Then every solution (x, y) = (x(¢), y(t)) of (112) defined for large
t and tending to the origin as t— o satisfies (114) and the second alternative in
(115).

The proof of (1) which is similar to the procedure of Lonn will be given
only for the sake of completeness. Actually, (1) and (1) depend essentially
on the criteria, 4£%f(t) <1 or 4t%f(¢) = C>1, of Kneser for (91) to be non-oscil-
latory or oscillatory, respectively.
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Proof of (1). For large ¢, let (x, y) = (x(¢), y(£))—0 be a solution of (112)
satisfying (x, ¥)—(0, 0) as {—>o. Then (113) implies (114) and (115). If
() #0 on some ¢-interval, then (112) shows that, on this ¢-interval, the func-
tion

(122) r=x/y

satisfies the Riccati equation

(123) '+ 4+ () =0,

where

(124) f(&) = (aF* — yF")/y? (x = x(0), y = y(1)).

Clearly, 1 <(x247?)/y2<1+£2 on the set (118). In what follows, it will be
supposed that £ is a fixed positive number satisfying

(125) 0<(14+£)0<1.

Hence, if (¢, x, ¥) = (¢, x(), ¥(¢)) is on the set (118), then (117) and (125) show
that

(126) 442 = (1 4+ 896 < 1.
The Riccati equation
(127) Y44 (14 £)8/42 =0

has solutions of the form r =a/t, where o satisfies the quadratic equation
—a+a?4(14£%)0/4=0. In view of (125), the latter has (real) positive roots.

If (116) does not hold, then the second alternative in (115) holds. Hence
(114) implies that, for some arbitrarily large ¢-values, (¢, x, ¥) =(¢, x(¢), y(¢))
satisfies (118). In fact, there exist arbitrarily large values, ¢ =¢, for which x(to)
=£y(to)/2>0 holds and (¢, x, ¥) = (o, x(0), y(to)) satisfies (118). Then, if ¢, is
sufficiently large, the function (122) satisfies r(¢o) =£/2>a/to. In view of (123)
and (126), 7(¢) Za/t>0 on any interval (¢, 1) on which (118), hence (126),
holds. Since the second alternative in (115) holds there is a value (hence, a
least value) of t =¢,>1,, where (¢, x(¢), y(¢)) is on the boundary of the set (118).
If ¢ is sufficiently large, (114) and r(f) 2a/t>0 imply that x(¢,) =£y(t) >0.
Hence

(128) r(tl) = E and 0 < f(t) < E if h=t<t.

Thus (123) becomes 7/(t,) +£24+f(t) =0 at t=#. In view of (114) and x(t)
=ty(t), the assumption (113) implies that |f(t,)| <£? if o (hence #,) is suffi-
ciently large. Consequently, 7'(t;) <0. Since this contradicts (128), the as-
sumption that (116) does not hold is untenable. This proves (1).

Proof of (11). Let (x, y) = (x(¢), ¥(¢)) be a solution of (112) for large ¢ tend-
ing to the origin as t— . Then (114) and (115) hold. Suppose, if possible,
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that the first alternative of (115) holds; in particular, that (116) holds. In
view of (114) and the first part of (115), the point (¢, x, y) =(¢, x(¢), y(t)) is
on the set (118) for any fixed £>0 and sufficiently large 2.

Since (116) holds, (122) defines a continuously differentiable function for
large ¢ satisfying (123)—(124). The inequality (121) shows that 4¢%f(t) = C(x?
+3?)/y*=C>1, and so 4% (t)=C>1 for large ¢ This implies that (91) is
oscillatory (Kneser). Hence the Riccati equation (123), belonging to (91),
cannot possess a solution r =r(f) defined for large ¢{. Thus, the assumption
(116) leads to a contradiction, and so (11) follows.
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